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BULANIK ALT GRUPLARIN VE iDEALLERIN KARTEZYEN GARPIMLARININ
GENELLESTIRILMESI

OZET

Bu c¢alismada Malik ve Mordeson’un makales genellestirildi. Yani farkli gruplanin (halkalarin) bulanik alt
gruplarimn (bulanik ideallerinin) kartezyen garpimlan incelendi. G, ve G, bostan farkl: iki grup olmak

lUzere eger mvem, G, veG, (R veR,hirimli olmak zorunda olmayan degismeli iki halka olmak

Uzere) nin bulanik alt gruplari(bulamk idealleri) ise kartezyen carmimlar I} ’ m,daG G, (R R)
nin bulanik alt grubudur (bulank idealidir). Yukaridaki ifadesinin ters yonleri de calisilmustir. Bu ifadeleri n
farkl: grup (halka) i¢in de genellestirilmistir.

Anahtar Sozcukler: Bulanik alt kiime, Bulank Alt grup, Seviye alt grubu, Bulanik ideal, Seviyeideali,
Bulanik baginti, Kartezyen garpim

ABSTRACT

Inthiswork | generalize Malik and Mordeson’ s paper [3]. | analysisthe cartesian product of fuzzy subgroups
(ideals) of two groups (two commutative rings Rings which have not necessarily identity element). That is; if

mands arefuzzy subgroups (ideals) of G, and G, (R and R,) respectively thenni s isafuzzy
subgroup (ideal) of G,” G, (R~ R, ). Conversely the opposite direction of the above statementsis studied.

We generalize the above statements for n different Groups (Rings).
Keywords: Fuzzy subset, Fuzzy subgroup, Level subgroup, Fuzzy ideal, Leve ideal, Fuzzy relation,
Cartesian product

1. INTRODUCTION

The concept of a fuzzy subset was introduced by Zadeh[5]. Fuzzy subgroup and its important
properties were defined and established by Rosenfeld[2]. Then many authors have studied about
it. After thistime it was necessary to define fuzzy ideal of aring. The notion of afuzzy idea of a
ring was introduced by Liu [1]. Malik, Mordeson and Mukherjee have studied fuzzy ideas. The
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concept of a fuzzy relation on a set was introduced by Zadeh[6]. Bhattacharya and Mukherjee
have studied fuzzy relation on groups. Malik and Mordeson [3] studied fuzzy relaion on rings.
Moreover Mdik and Mordeson have written very important book for Fuzzy algebra which is
“Fuzzy Commuitative Algebra’[4].

Inthispaper G (i =12,...,n) isagroupand R (i =12,...,n) isacommutative ring.
A fuzzy relation on R isthe fuzzy subset of R” R. In our paper the cartesian product of two sets
G, ad G, (R and R,) isdefined like that:
"(a,0).(2,,b)1 G G,(R" R) (a,b) +(a,,b,)) = (a, +a,b +b)),
(a,b).(a,,b,)) =(aa,,bb,). 1 generdize Mdik and Mordeson’s paper. That is; if m,m, are
fuzzy subgroups (ideds) of G, and G, (R and R,) respectively then m” m, is a fuzzy
subgroup (ideal) of G," G, (R" R, ). Let M, M, be fuzzy subsets of G,,G, respectively
such that M ’ m, is afuzzy subgroup (idedl) of G," G, (R" R, ). Then m or m, is fuzzy
subgroup (ideal) of G, or G,(Ror R,) respectively. Let M and IT), be fuzzy subsets of R

such that M ’ M, is a fuzzy subgroup (idedl) of G," G, (R" R, ). If "xI G,"yI G,
m(e) = my(e,), m(x) £m(e) and m(y) Emy(e,) ("xI R,"yI R, m(0,) = my(0,),
m(x) £m(0,) and m(y)£m,(0,)) then both m and m, are fuzzy subgroups (ideals) of
G and G, (R adR,). Also | extend these above theorems for n different Groups (Rings).
That is if m,m,m,...,m  are fuzzy subgroups (ideds) of G, G,,...G,( R,R,....R))
respectively ,  then m m'm” .. m is fuzzy subgroup (ideal) of
G G, .. G/(R,R,....,R)). Then | prove the opposite direction of the previous statement
under some conditions.

2. PRELIMINARIES

In this section, we review some basi ¢ definitions and results.
Definition 2.1: A fuzzy subset of nonempty set S isafunction m: S® [0,]] .

Definition 2.2 A fuzzy subset m of agroup G iscalled afuzzy subgroup of G if

(i) m(xy) ® min(m(x), m(y))

(i) foral x,yT G m(x*)2? mx).

If Misafuzzy subgroup of G then m(x'*) =m(x)for dl xI G.

Definition 2.3: If m isafuzzy subset of S, then for any ti Imm, theset m ={xi Sjm(x)3 t}
iscaled thelevel subset of S with respect to m.

Theorem 2.4 ([1] ): Let m be fuzzy subset of G . m isafuzzy subgroup of G if and only if
m isan subgroup of G for " tT Imm.

Here, if m isafuzzy subgroup of G, then M is called alevel subgroup of m.

Definition 2.5 ([1]) : A fuzzy subset m of aring R iscaled afuzzy left (right) ideal of R if
(i) m(x- y) * min(m(x),m(y))

(iyforal X, Yl Rmixy)® my)  (m(xy)® m(x)).
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A fuzzy subset m of R iscaled afuzzy ided of R if m isafuzzy left and fuzzy right ided
of R.
Definition 26 ( [5] ) : If m is a fuzzy subset of R, then for any t1 Imm, the set

m ={xI Rim(x)* t} iscaledthelevel subset of R with respectto m.

Theorem 2.7 [1]: Let m be fuzzy subset of R. m isafuzzyidea of R if and only if M} isan
ideal of R for " tT Imm.

Here, if m isafuzzyided of R, then IM iscalled alevel idea of m.

Definition 2.8 ([6] ) : A fuzzy relation m on R isthefuzzy subset of R R.

Definition 2.9 ([3] ): Let m and s be fuzzy subsets of R. The Cartesian product of m and
s ism s (xy)=min(mx),s (y)) for dl xyl R

3. FUZZY SUBGROUPSAND FUZZY IDEALS

Now we will generalize some theoremsin [3]..
Theorem 3.1: If m and m, are fuzzy subgroups of G, and G, respectively, then m” m, isa
fuzzy subgroup of G,” G, .
Proof: Let (a,b),(a,,b)1 G, G,.
m” m((a,b).(a,b,)) =m" m(aa, bb,)
=min(m(aa,), m (bb,))
¢ min(m(a,), m(a,), m(by), m(b,))
¢ min(min(m(a,), m (b)), min(m(a,), m(b,)))

=min(m” m(a,b),m” m(a,b,))
and

m’ m((a.b) ) =m" m(a b

=min(m(a, ). m(B ")

* min(m(a,), m(k))

=m’'mahb
Therefore m”~ m, isafuzzy subgroup of G,” G, .
Theorem 3.2: If m,m, aefuzzyidedsof R,R,respectively,then m” m, isfuzzy ideal of
R'R.
Proof: m~ my(0,,0,) = min(m(0,),m,(0,)). Let tT Im(m~ m,) then t£m(0,) and t£m(0,).
Thus mandm ae ideds of R and R, respectively. Hence for dll
th Im(m” m), (m”m) =m " m is left idel of R’ R,. Because
"y, (z)T (M m), and " (ab)l (R,R) we must show that (x- zy- )T (m’ m),
and (xa,yb)T (m" m),. m’” m(x- z,y-t) =min(m(x- 2),m(y- t)) and
sincem and m, areidedls of R and R, respectively min(m(x- z),m(y- t))3t then
(x-zy-t)T (m” m),. Snce m” m, (xa,yb) =min(m(xa),m(yb)) and m and m, are
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idedlsof R” R, min(m(xa),m,(yb)) 3 t then (xa,yb)T (m~ m),.Hence (m~ m), isidea
of R"R,.

Coralary 3.3 i) If m,m,m,...m, are fuzzy subgroups of G, G,,...,G, respectively , then
m’ m’ m”..” m isfuzzy subgroupsof G,” G,” ...” G,.

i) If m,m,,m,...,m, arefuzzyidedsof R, R,,...,R, respectively ,then m" m " m~ .." m, is
fuzzyided of R, R,,....R,.

Proof: . One can easily show by induction method.

Theorem 3.4: Let m,m, be fuzzy subsets of G,,G,respectively such that m”~ m, is a fuzzy

subgroup of G,” G,. Then m or m, isfuzzy subgroup of G, or G, respectively.
Proof: We know that m” my(e,e,) =min(m(e),m(e,))* m” m(xy)," (xNT G," G,.
Then m(x)Em(e) or m(y)Em(e). If m(x)Em(e), then m(x)E£m(e) or
m(y) £m(e) . Let m(x) £my(e,) . Then " xT G, m" m(x.&)=m(x). " xyl G
m(xy) =m” my(xy,e,)
=m’” m((x,&)Yy.e))
:min(m” m(x,e,),m" m(y.e))

=min(m(x),m(y))
and

mx)=m" m(x"e,)
=m’ m(x'e")
=m’ m(xe)"
s minm” m(x,e)
=m(x).
Therefore m isfuzzy subgroup of G, .
Now suppose that m(x) £m,(e,) is not true for al xT G,. If m(x)>m(e) $x1 G, , then
m(y) £my(e,) " yT G,. Therefore m” my(g,y) =m(y) fordl yT G,.Smilaly
"x,y1 G,
m(y) =m " my(e,xy)
=m” m((e, X)(e. )
* min(m” m(e,x),m" m(e,y))

=min(m,(x), my(Yy))
and

m(x)=m" m(e,x")
=m’ m(e ", x")
=m’ m(e,x)"
*minm” my(e,x)
=my(X).
Hence m, is fuzzy subgroup of G,. Consequently either m or m, is fuzzy subgroup of
G, or G, respectively.
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Theorem 3.5: Let m,m, be fuzzy subsets of R,R, respectively such that m” m, is a fuzzy
ideal of R" R,. Then m or m, isfuzzy ided of R or R, respectively.
Proof: We know that m " m,(0,,0,) =min(m(0,),m(0,))* m” m(x,y)," (x NI R’ R,.
Then m()£m(0,) or m(y)£m(0,). If mX)£Em@O), then m(x)£m(0,) or
m(y) £m(0,) . Let m(x) £m,(0,) . Then " xI R m" m(x,0,) =m(x). "x yI R
m(x- y)=m’ m(x- y,0,)
=m’” m((x,0,)(y,0,))
® min(m” m(x,0,),m" m(y.0,))
= min(m(x), m(y))
and
mxy) =m" my(xy,0,)
=m” m((x,0,).(y.0,))
=m’ m(x,0,) or m” m(y,0,)
3 minm”~ my(x,0,) or 2 minm” m(y,0,)
=m(x) or =m(x)
Therefore m isfuzzy ideal of R .
Now suppose that m(x) £ m,(0,) is not true for al xT R,. If m(x)>m(0,) $xT R , then
m(y) £m,(0,) " yT R,. Therefore m” m,(0,,y) =m/(y) fordl y1 G,.Smilaly
"x,y1 R,
m(x-y)=m” m(0,x- )
=m” m((0.,x) - (0,y))
¢ min(m” m(0,x),m" m(0,Y))

=min(my,(x), my(Yy))
and

mOy)=m" m(0,xy)

=m” m((0,,%).(0,,y))

*m” m(0,x), (m" m(0,y))

=min(m(0,),m(x)) , (= min(m(Q,), m(y))

=my(x), (=my(y)).
Therefore m, isfuzzy ided of R,.
Corollary 3.6: Let m, m,, m,...,m, beasimilar fuzzy subsetsof G, G,,...,G, (R, R,,...,R,) of
suchthat m”™ m~" m~...” m, isfuzzy subgroup (ided) of G," G,” ...” G, (R, R,,...,R,). Then
mor moormor..or m, is a fuzzy subgroups (ideals) of G,G,,....G, (R,R....R))
respectively.
Corallary 3.7: Let m and m, be asimilar fuzzy subsetsof G, and G, (R and R,) of such that
m’ m is fuzzy subgroup (ideal) of G, G, (R" R,). If "xI G,"yl G, m(e)=my(e,)
m(x)£m) and ("xI Ryl R, m(0)=m(0,), m(x)£m(0,) and my(y)£ m(0,))
then m, m, isafuzzy subgroups (ideds) of G, and G, (R and R,).
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Corollary 3.8: Let m, m,, m,...,m, beasimilar fuzzy subsets of G,, G,.....G, (R, R,.....R,) of
suchthat m” m,” m~...” m, isfuzzy subgroup (idedl) of G," G,” ...” G, (R" R,” ...” R)). If
"x1 G %1 G, x, 1 G, m(e) =m(e,) =m(e;) =...=m(e,), G, G, G,
m(x) £ m(e), m(x,) £ my(e,), m(x;) £ my(ey),.... m(x,) £m(e,)
C"xT R"%T Ry %, T R m(0) =my(0,) =my(0;) =...=m,(0,),  m(x)£m(0y),
m0,) £m(0,),  mO%) £ m(0y),.... m(x,)£Em,(0,))  then m, m,m,..m is a fuzzy
subgroups (ideals) of G, G,....,G, (R, R,,...,R,) respectively.

4. CONCLUSIONS

One can examine these theorems in any Rings. That is, it true that these theorems are valid in
non commutative rings without identity element.
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